We reconsider the utility of the radiative decay B → γℓν with an energetic photon in the final state for determining parameters of the B-meson light-cone distribution amplitude. Including 1/m b power corrections and radiative corrections at next-to-leading logarithmic order, we perform an improved analysis of the existing BABAR data. We find a provisional lower limit on the inverse moment of the B meson distribution amplitude, λ B , which, due to the inclusion of radiative and power corrections, is significantly lower than the previous result. More data with large photon energy is, however, required to obtain reliable results, as should become available in the future from SuperB factories.
Introduction
The decay of the charged B meson into a photon, lepton and neutrino is sometimes perceived as an unwanted background to the purely leptonic decay process B − → ℓν [1] , which allows for a determination of V ub . Still, the radiative leptonic decay is of interest in itself for the theory of heavy meson decays, especially when the energy E γ of the photon is of order of the bottom quark mass, m b . Its factorization properties have been studied at leading order in the heavy-quark expansion [2] [3] [4] [5] and it has been shown that the decay amplitude can be calculated in terms of the inverse and inverse-logarithmic moments of the B-meson light-cone distribution amplitude [6] [7] [8] .
The branching fraction of the radiative decay depends very strongly on the inverse moment λ B , where 1/λ B = ∞ 0 dω Φ B+ (ω)/ω. It therefore seems very well suited as an observable to measure λ B , which is an important parameter in the QCD factorization approach to non-leptonic B decays [7] , but is very difficult to obtain reliably by theoretical methods, the most advanced being QCD sum rules [9] . We are aware of only two analyses by the BABAR collaboration that set limits on the B − → γℓν branching fraction and λ B [10, 11] . The first reports λ B > 669 MeV (591 MeV) (depending on the treatment of priors), while the second, published analysis concludes the significantly weaker limit λ B > 300 MeV. The first result would be rather troublesome for non-leptonic B decay phenomenology, which needs λ B ≈ 200 MeV to achieve a satisfactory description of colorsuppressed decay modes [12] [13] [14] .
The BABAR analyses should be taken with a grain of salt, since, presumably in order not to sacrifice statistics, they do not require the photons to be sufficiently energetic for the theoretical calculation to be valid. This can certainly be improved in the future, in particular with the high statistics foreseen at the SuperB experiments. They also do not include radiative corrections, which is one of our concerns in this note. We show that after including next-to-leading logarithmically resummed corrections, and after correcting an error in the literature in the leading 1/m b correction, the predicted branching fraction is significantly smaller. This reduces the lower limit on λ B considerably.
The outline this paper is as follows. In Sec. 2 and the Appendix we briefly review the theoretical background and summarize the expression for the B → γℓν amplitude. Sec. 3 discusses the size and stability of radiative corrections and the B → γ form factors themselves. In Sec. 4 we repeat the BABAR analysis in order to demonstrate the impact of our results on the bound on λ B . We conclude in Section 5.
Theory summary of B → γℓν decay
We consider the decay of a B meson with mass m B and momentum p µ = m B v µ into a photon with momentum q, a neutrino with momentum p ν and a lepton (momentum p ℓ ). The lepton and neutrino are assumed to be massless, which restricts us to ℓ = e, µ. In the B meson rest frame the photon energy satisfies E γ ≤ m B /2. We introduce the abbreviations
where i can be either γ, ℓ or ν. We have 0 ≤ x i ≤ 1 and x γ + x ℓ + x ν = 2. The amplitude for the decay B → γℓν can be written as
The photon can be emitted either from the final-state lepton or from one of the constituents of the B meson. This can be made explicit by rewriting the matrix element using the electromagnetic current j µ em = q Qγ µ q + Q ℓl γ µ ℓ. To first order in electromagnetic and to all orders in the strong interaction, we have
Note that we use iD µ = i∂ µ − Q ψ eA µ em for the QED covariant derivative with e the charge of the positron, and Q ψ the electric charge of fermion ψ in units of e. The first term in the above equation corresponds to the emission from the meson constituents whereas the second term describes the emission from the lepton, and can be calculated exactly using
3)
The hadronic tensor can be parameterized as
The terms proportional to q ν are irrelevant, since ǫ ⋆ · q = 0. The v ν v µ structure is often referred to as "contact term". Its coefficient is fixed by the electromagnetic current conservation Ward identity q ν T νµ = −if B p µ [15] * . The remainder consists of two form factors. In the following we shall describe the QCD calculation of these form factors for photon energies of order (but not necessarily near) m B /2.
With the help of (p − q) µū ℓ γ µ (1 − γ 5 )u ν = 0, valid for massless leptons, we may replace
in (2.4) , where the new axial form factor is defined as
In this form the g µν f B term in (2.5) cancels precisely the last term in (2.2) from photon emission off the lepton, and the amplitude (2.1) is expressed entirely in terms of the two form factors F V,A . We use this convention below. However, the decomposition (2.4) is useful for calculations, since it allows us to assume that the indices µ, ν are transverse relative to the four-vectors v and q, such that F V andF A can be extracted from the ǫ µνρσ and g µν structures of the hadronic tensor, respectively. Squaring the amplitude, the doubly differential decay width in the B rest frame reads
where E ℓ + E γ ≥ m B /2, and the form factors depend on E γ but not on the lepton energy E ℓ . Further integration results in
For energetic photons, the form factors are given by
The first term represents the leading-power contribution in the heavy-quark expansion with R(E γ , µ) a radiative correction factor that equals one at tree level. Note that this term is the same for the vector and axial form factor [2] [3] [4] [5] . The terms in square brackets are 1/m b power corrections relative to the leading term. They consist of a term ξ(E γ ) that is common to both form factors ("symmetry-preserving") and other terms of a simple form that differ ("symmetry-breaking"). We do not include perturbative radiative corrections to the power-suppressed terms. We note that (
is suppressed in the heavy-quark limit due to helicity conservation. The second term proportional to (1 − x ℓ ) 2 in (2.7) is therefore suppressed.
Radiative corrections
Radiative corrections to the B − → γℓν process were first calculated in a k t -dependent approach [2] ; see [16] for an extended analysis of the decay in this approach. However, there is no need not to integrate over k t . The all-order factorization formula [4, 5] refers to this situation. The one-loop radiative corrections in collinear factorization have been computed some time ago [3] [4] [5] and we summarize them here. Our improvement consists in completing the next-to-leading logarithmic (NLL) summation of logarithms of m b /Λ QCD , since the two-loop anomalous dimension of the heavy-light current is now known.
The radiative correction can be written as a product of several factors,
which come from the different scales contributing to the process. The multiplicative structure becomes transparent if the decay is analyzed in soft-collinear effective theory (SCET) [21] [22] [23] [24] as done in [4, 5] . The first factor arises from the hard scale m b when the QCD heavy-to-light current is matched to the corresponding SCET current:
(2.12) and x = 2E γ /m b . The two-loop correction is also known [17] [18] [19] [20] , but at NLL accuracy we only need the one-loop term and two-loop anomalous dimension of the SCET current, which can be inferred from [17] [18] [19] [20] . After inserting (2.11) into (2.4), the hadronic tensor factorizes into a hard-collinear contribution from the scale (m b Λ QCD )
1/2 and moments of the non-perturbative light-cone distribution amplitude (LCDA) of the B meson. We define these moments as 1
where µ 0 = 1 GeV is a fixed reference scale which is part of the definition of the inverselogarithmic moments. † The hard-collinear radiative correction reads [4, 5] 
Since the SCET current in (2.11) uses the static heavy-quark field h v , we encounter the static B meson decay constant when taking the matrix element. We re-express this in terms of the QCD decay constant f B , which introduces the conversion factor
Inspecting (2.12), (2.14) and (2.15) shows that there is no common value of µ that avoids parametrically large logarithms of order ln m b /µ 0 . These logarithms can be summed to all orders by solving a renormalization group equation [5] , which introduces the evolution factor U(E γ , µ h1 , µ h2 , µ) into (2.10). Its explicit expression is given in the appendix. The hard scales µ h1 , µ h2 can (and should) now be taken O(m b ), the hard-collinear scale µ ∼ O(m b Λ QCD ) 1/2 . Eqs. (2.12) and (2.15) suggest that the hard scale µ h1 is 2E γ rather than m b , while µ h2 ∼ m b , which motivates keeping the two hard scales distinct in the general expressions. However, we might also set them equal, which is the conventional procedure. † Note the difference with [9] , which sets µ 0 → µ. Our definition avoids the appearance of a large logarithm when σ n is evolved to the hard-collinear scale and features dσ n /d ln µ = O(α s ). 
Power corrections
For phenomenology 1/m b corrections are presumably important. Power corrections are notoriously difficult for factorization approaches, but B → γℓν is arguably the simplest environment to study them.
‡ Here we explain the origin of the "tree-level" 1/m b -suppressed terms in (2.9), which are the most relevant to phenomenology, and defer the general discussion of 1/m b power corrections to future work [26] .
The two diagrams for the tree-level bū → γW * amplitude are shown in Fig. 1 . Since the spectator-quark momentum l ∼ Λ QCD is soft, the propagator joining the W and γ lines has hard-collinear virtuality (q − l) 2 = 2q · l ∼ m b Λ QCD , when the photon is emitted from the up anti-quark (left), but hard virtuality (p − q) 2 ∼ m 2 b in case of emission from the heavy quark (right). For this reason only emission from the light anti-quark is responsible for the leading-power contribution in (2.9). The emission from the heavy quark can easily by calculated and results in the power-suppressed term proportional to the bottom-quark charge Q b in (2.9). The term proportional to Q ℓ present only in F A is the contribution from emission off the lepton, see (2.6).
The remaining two terms in square brackets in (2.9) come from power corrections to the emission off the light anti-quark. To understand the form of these terms, we consider the intermediate light-quark propagator (see figure) may be matched to sub-leading B-meson distribution amplitudes, but it is not evident that this can be done without encountering endpoint divergences [25] . The important point here is that it can be shown [26] that these terms are symmetry-preserving, i.e. they contribute equally to the vector and axial form factors. Hence we introduce a function ξ(E γ ) in (2.9) to parameterize this unknown contribution. The last term in (2.16) is a local term that contributes with opposite sign to the two form factors. Being local, it can be expressed through f B and yields the remaining term proportional to Q u in (2.9). Numerically, this contribution is larger than emission from the heavy quark, due to its enhancement for smaller photon energies and the larger electric charge of the up quark. Tree-level power corrections have been computed previously [2] , but the emission from the lepton and the sub-leading term from emission from the light anti-quark have been missed in this work. Also the contribution from emission from the heavy quark to F V has an incorrect sign, and appears as symmetry-preserving rather than -breaking. The difference is important numerically.
Impact of radiative and power corrections
In this section we discuss the size of radiative and power corrections and the theoretical uncertainty attached to the form-factor calculation. The Standard Model and B-meson parameters that we use here and below in the computation of the differential branching fraction are listed in Tab. 1.
The radiative corrections encoded in R(E γ , µ) are important, reducing the leading-order amplitude by 20 − 25%. To judge the accuracy of the NLL computation, we show the residual dependence on the hard-collinear scale µ in Fig. 2 . We plot [λ B (1 GeV)/λ B (µ)] × R(E γ , µ) for E γ = 2.0 GeV, which is the quantity that should be scale-independent, if the radiative corrections were known with infinite precision. The scale dependence of the prefactor follows from the evolution equation of the B-meson LCDA [27] and is given by Note that we do not sum logarithms of µ/µ 0 , since µ 0 = 1 GeV, though formally a hadronic scale of few ×Λ QCD , is quite close to the hard-collinear scale µ ≈ 1.5 GeV. In the numerical evaluation of R(E γ , µ) we multiply out all (1 + const. × α s ) factors that originate from the NLO matching coefficients and evolution factors, but not the one from (3.1), and drop O(α 2 s ) terms, which are beyond the NLL approximation. We also set the hard-matching scales to µ h1 = µ h2 = m b . Fig. 2 (left panel) shows that the residual scale-dependence of the NLL approximation (solid line) is quite small. Recalling that R(E γ , µ) equals 1 in the absence of any radiative correction, we see that the LL correction (dashed) is small; the main radiative effect arises from the NLO correction to the matching coefficients (2.12) and (2.14) rather than the summation of logarithms. However, comparing the NLL result to the unresummed NLO calculation (dotted, obtained from setting µ h1 = µ h2 = µ), we note that renormalization group improvement stabilizes the scale-dependence at low µ and hence improves the accuracy of the result. An analysis of the residual dependence on the hard matching scales shows that it is of similar size as the hard-collinear scale dependence.
The photon-energy dependence of the radiative correction factor is shown in the right panel of Fig. 2 . The shaded band represents the theoretical uncertainty estimated from varying the hard-collinear scale in the interval [1, 2] GeV around the default value µ = 1.5 GeV and the hard scales µ h1 = µ h2 in [m b /2, 2m b ] around m b . The uncertainties from each variation are added in quadrature. We conclude that radiative corrections reduce the B → γℓν amplitude over the entire energy range, and more significantly at high photon energies.
The key quantities for the computation of differential decay distributions are the two form factors F V , F A given in (2.9). We display them in Fig. 3 , which summarizes our main theoretical result. To obtain the form factors we need an ansatz for the size and energy dependence of the symmetry-conserving form factor ξ(E γ ). The only information available is that it is a power correction of order 1/m b to the leading term. We propose the form
which features the same dependence on E γ as the leading term with Q u /λ B replaced by 1/m b . The constant c will be varied between −1 and +1. Fig. 3 displays F V , F A and their difference including the theoretical uncertainty from adding in quadrature the scale uncertainty (as discussed above), the parameter c and the input parameters from Tab. 1, except λ B . We do not include the λ B variation into the error here, since we intend to use B → γℓν to determine λ B . How well this can be done depends on the theoretical uncertainty in F V , F A due to all other parameters. For comparison we also show in Fig. 3 the predicted form factors, when the hard scale µ h1 in the SCET matching coefficient is set to 2E γ (dashed lines). The difference to the standard choice µ h1 = m b becomes significant only at very small photon energies. Since the factorization approach requires 2E γ ∼ m b the calculation of the form factors below photon energies of 1 GeV should certainly be considered unsafe.
Recall that both form factors are exactly equal at leading order in the heavy-quark expansion. The difference between the two curves referring to F V and F A is therefore a direct measure of the magnitude of power corrections, which indeed rises at smaller photon energies, where the calculation breaks down. It is interesting to note that F V is predicted to rise faster than F A towards small energies, which is compatible with a pole dominance ansatz to model the low-energy regime [1] . The uncertainties of F V and F A are highly correlated. This is seen explicitly when plotting the difference F V − F A (lowest band in Fig. 3 ), which has a very small uncertainty. In fact, from (2.9) we obtain the definite prediction
up to corrections of order α s . Thus, the form-factor difference depends only on f B . It would be very interesting to test this prediction of a power-suppressed effect experimentally. Looking at (2.7) we see that this can be done by selecting events with x ν ≈ 1, i.e. where the neutrino has nearly maximal energy and recoils against the lepton and the photon. Requiring a minimum separation angle between the lepton and the photon removes the non-radiative B − → ℓν contribution, which is, however, very small for the electron final state. Since F V − F A is suppressed relative to F V + F A the loss of statistics does not allow this test to be performed presently, but it should be within reach of the SuperB factories.
As F V /A ∝ 1/λ B approximately, a measurement of the two form factors through B → γℓν can easily be turned into a determination of λ B , within the uncertainties of the theoretical prediction shown in Fig. 3 . At present only upper limits exist on the branching fraction, resulting in lower bounds on λ B rather than a determination. We discuss the present limits and the dependence of partial branching fractions on λ B in the following.
Bound on λ B from (partial) branching fractions
Experimental studies of the radiative leptonic decay have been performed by the CLEO Collaboration [28] and, more recently, by the BABAR Collaboration [10, 11] . The BABAR analyses make use of partial branching fractions
The first analysis [10] employs the cuts E ℓ ∈ (1.875, 2.64) GeV, E γ ∈ (0.45, 2.35) GeV, cos θ(ℓ, γ) < −0.36 in the cms frame of the e + e − collision, and quotes ∆B 1 < 1.7 (2.3)×10 −6 at 90% CL for flat priors on the amplitude (branching fraction). The second, published analysis [11] imposes only E γ < 1 GeV and yet finds the much weaker limit ∆B 2 < 14×10 −6 . However, both analyses compare to a theoretical prediction that omits radiative corrections and contains an incorrect and numerically rather different expression for the 1/m b power corrections. In Fig. 4 , left panel, we show our prediction for ∆B 1 including uncertainties (solid, with band) for given λ B , and compare it to the approximation without power corrections (NLL, dashed) and further omitting radiative corrections (LO, dot-dashed). Both effects together reduce ∆B 1 by more than a factor of two. §
We first revisit the analysis of [10] . In this work f B = 216 MeV and the rather large value |V ub | = 0.00431 are used, which further magnifies the theoretical prediction. In our analysis we adopt |V ub | excl. given in Tab. 1, since all exclusive decays except B → τ ν tend § In our calculation we neglect the momentum p B ≈ 0.3 GeV of the B meson in the e + e − cms frame and apply the cuts directly in the B rest frame. This approximation reproduces Eq. (2) in [10] to excellent accuracy when adopting their theoretical input. to favor this smaller value. In Fig. 4 we show the two BABAR limits on ∆B 1 (straight lines). The lower limit on λ B ≡ λ B (1 GeV) follows from intersecting the lower end of the theoretical prediction with the straight lines. We then find that λ B > 310 (274) MeV at 90% CL compared to λ B > 669 (591) MeV given in [10] . With the larger value of |V ub | incl. derived from inclusive semi-leptonic decays given in Tab. 1 we obtain λ B > 372 (331) MeV, which is still significantly smaller that the previous values, and illustrates the importance of radiative and power corrections. The definition of ∆B 1 is far from ideal from the theoretical point of view, since it includes photons with energies down to 0.45 GeV, where the theoretical prediction is not valid. The above limits should therefore be taken with a grain of salt. In this respect, ∆B 2 is somewhat better suited, but the weak experimental limit [11] results in the rather weak limit λ B > 115 MeV.
We conclude that present data does not yet allow us to put significant constraints on λ B . However, the theoretical prediction of the form factors is sufficiently accurate such that B → γℓν holds great promise for the future. In Fig. 5 we show the inclusive branching fraction for a photon-energy cut E γ > 1 GeV (upper band, equal to ∆B 2 ) and E γ > 1.7 GeV, the latter being on more solid grounds theoretically. We see that a hypothetical measurement of Br (B − → γℓν, E γ > 1.7 GeV) = 2.0 × 10 −6 with a 20% error would constrain λ B to [167, 304] MeV with a central value of 228 MeV.
Can this be improved? The dominant theoretical errors arise from ξ(E γ ), and the inverse-logarithmic moments σ 1 , σ 2 . It is hard to conceive of theoretical tools that would determine these quantities without providing λ B itself, rendering the present analysis superfluous. From (2.14) we see that σ 1 influences the shape of the normalized photon-energy spectrum. But this dependence is rather weak when the photon-energy cut is large enough to be solidly in the perturbative regime, making an extraction of σ 1 difficult. We should mention though, that our error bands are based on rather conservative error ranges. For instance, we increased the error on σ 1 given in [9] by a factor of 2.5, since this is the only attempt to estimate σ 1 up to now.
Conclusion
We analyzed the radiative leptonic B − → γℓν decay with respect to its utility for determining the B meson light-cone distribution amplitude, in particular its inverse moment, λ B . We presented predictions for the form factors F V , F A governing this decay, including for the first time radiative corrections and the leading-power corrections, and detailed uncertainty estimates. Corrections to the leading-order prediction reduce the branching fraction significantly. The BABAR upper limits on B − → γℓν therefore presently do not allow to put stringent constraints on λ B . We also showed that the power-suppressed difference of the two form factors can be predicted at leading order. The hundred-fold increase in statistics available to future B factories therefore makes B − → γℓν an interesting process for determining λ B and testing the theory of power corrections in hard, exclusive B decays.
A Renormalization group evolution factor
The summation of formally large logarithms from the hard-to-hard-collinear scale ratio is accomplished by the renormalization group equation for the hard matching coefficients, or, equivalently the evolution factor U(E γ , µ h1 , µ h2 , µ) = U 1 (E γ , µ h1 , µ)U 2 (µ h2 , µ) −1 . The first factor is associated with the running of the SCET currentξW c γ µ ⊥ h v and satisfies [5] 
with initial condition U 1 (µ, µ) = 1. We expand the anomalous dimension and the QCD beta-function according to The remaining anomalous dimension of the SCET heavy-light current is needed at two loops, and given by γ 0 = −5C F , γ 1 = C F − 1585 18 − 5π The two-loop expression is given explicitly in [18, 20] confirming an earlier conjecture [30] . The second evolution factor U 2 (µ h2 , µ) arises from the matching of the B meson decay constants in QCD and heavy-quark effective theory (HQET). Its expression follows from the ones given above by setting the cusp anomalous dimension to zero, and by replacing γ i by the anomalous dimension of the heavy-light current in HQET, γ i,hl , given to two loops by [31, 32] γ 0,hl = −3C F , γ 1,hl = C F − 127 6 − 14π 
